Cell adhesion in the presence of hydrodynamic forces is a critical factor in inflammation, cancer metastasis, and blood clotting. A number of assays have recently been developed to apply forces to small numbers of the receptor-ligand bonds responsible for adhesion. Examples include assays using hydrodynamic shear in flow chambers or elastic probe deflection assays such as the atomic force microscope or the biomembrane force probe. One wishes to use the data on the time distribution of dissociation from these assays to derive information on the force dependence of reaction rates, an important determinant of cell adhesive behavior. The dissociation process can be described using the theory developed for reliability engineering of electronic components and networks. We use this framework along with the Bell model for the reverse reaction rate (k r ϭk r 0 exp͓r 0 f/kT͔, where f is the applied force and k r 0 and r 0 are Bell model parameters͒ to write closed form expressions for the probability distribution of break-up with multiple independent or interacting bonds. These expressions show that the average lifetime of n bonds scales with the nth harmonic number multiplied by the lifetime of a single bond. Results from calculation and simulations are used to describe the effect of experimental procedures in forced unbinding assays on the estimation of parameters for the force dependence of reverse reaction rates.
I. INTRODUCTION
Cell adhesion is a critical factor in inflammation, cancer metastasis, blood clotting and development. [1] [2] [3] Biological adhesion is mediated by adhesive macromolecules ͑proteins and oligosaccharides͒, attached to cell surfaces, that couple the cells together via multiple noncovalent interactions ͑van der Waals, hydrogen bonding, hydrophobic or electrostatic͒ localized into three-dimensional ''binding pockets'' on the complementary macromolecules. The surface density of adhesion molecules can be low enough that in physiological situations, a few tens of such discrete links or less can mediate adhesion. 4 As Bell pointed out in a seminal paper, 5 bonds form and break continually; however, if a cell is attached to a surface via multiple bonds, the probability of all the bonds coming unbound at once becomes very small. This feature allows the cell to either firmly adhere to its desired target, or to move ͑driven by chemoattractant gradients or external forces͒ to areas where it can bind even more firmly. There are a great many biologically relevant receptor-ligand interactions. Some examples include streptavidin, that binds to biotin with a very high affinity and is widely used in molecular biology for attaching ligands to substrates; antibodies, that bind to a huge array of targets and are part of the body's arsenal of defenses against pathogens; and selectins, that bind to certain oligosaccharides and mediate white blood cell attachment to blood vessel walls under flow. In recent years, methods have been developed that allow the effect of applied forces on the reaction rates of single adhesion molecules to be examined. Studies using atomic force microscopy 6, 7 or the biomembrane force probe 8, 9 have examined the rupture of streptavidin/biotin and other receptor-ligand pairs as well as the forced unfolding of proteins [10] [11] [12] and the unzipping of DNA. 13 All of these processes represent nonequilibrium barrier crossing events where the height of the barrier to dissociation or unfolding is altered by applied force. The forced dissociation process has been most thoroughly analyzed in a paper by Evans and Ritchie 14 who applied the transition state crossing analysis of Kramers 15, 16 in the presence of applied forces to show that the effect of applied force on the energy barrier height can be calculated from a given potential of mean force. They obtained an expression for the dependence of the rate of unbinding k r on the applied force f: k r ( f )ϭ 0 ( f )exp(͓ϪU 0 ϩ⌬U͔/kT). Here, 0 ( f ) is the frequency of return to the barrier ͑that depends on force through induced changes in transition state distance and width͒, k B is the Boltzmann constant, T is absolute temperature, U 0 is the energy barrier height, and ⌬U is the change in barrier height induced by an applied force. Evans 17 has noted that for a sharp transition a͒ Author to whom correspondence should be addressed. Daniel A. Hammer, Department of Bioengineering, 120 Hayden Hall, University of Pennsylvania, Philadelphia, Pennsylvania 19104. Electronic mail: hammer@seas.upenn.edu state, the transition state distance, r 0 , changes little with applied force, and hence ⌬Uϭr 0 f . The equation then reduces to an expression quoted by Bell, 5 but first proposed in connection with the fracture of macroscopic material samples:
where k r 0 ϭ 0 exp(ϪU 0 /kT) is the dissociation rate in the absence of applied force.
In an ideal experiment to measure the force dependence of reaction rates, one would instantaneously expose single bonds to an applied force and measure the bond lifetime. In a real experiment, however, it is not possible to apply a force instantaneously. There will always be a period during which the force is increasing to the desired value. Figure 1 shows examples of force loading protocols that can be found in the literature. Figure 1͑a͒ shows a generalized loading process and defines the important variables such as the starting force f 0 , the initial time t 0 , and the final force value f f reached after some loading protocol. Figure 1͑b͒ shows the idealized instantaneous loading process ͑realizable only in computer simulations͒, where the force is changed to a variety of final values f f . Figure 1͑c͒ shows the case where force is increased at a variety of constant rates of loading, from slow to quasi-instantaneous, for a given period then held constant. Figure 1͑d͒ shows a variation of this ͑frequently used in experiments͒ where the force begins at a negative ͑compres-sive͒ value then increases at a constant loading rate. The subtle feature here is that if bonds are considered to be ropelike rather than springlike ͑and hence unaffected by the compressive force͒, the effective force on the bonds will be zero up to the point where f Ͼ0 ͑dotted region of the loading curves͒. Figure 1͑e͒ shows a nonlinear loading rate such as is expected for loading of a wormlike chain. This model is frequently used to describe the unfolding of large, globular proteins in forced unfolding experiments. [10] [11] [12] Figure 1͑f͒ shows the cyclic tensile force loading profile for a doublet of rigid spheres, crosslinked by adhesion molecules, in hydrodynamic shear. 19 Evans et al. 20 pointed out that the problem of receptorligand bond failure could be described by theory derived long ago in connection with reliability engineering to explain the distribution of failure of electronic components or communications networks. There is a significant literature on ''reliability theory'' 21, 22 that describes the probability den-FIG. 1. Sample force loading profiles: ͑a͒ Generic profile. Applied force starts at a negative value f 0 until time t 0 , then reaches f f at time t f , ͑b͒ instantaneous force application. Starting at various t 0 values, force is suddenly increased to different f f values. ͑c͒ Linear ramp. Starting from f ϭ0 at t 0 ϭ0, a linear force loading rate r f of varying magnitude ͓from quasi-instantaneous ͑dotted curve͒ to slow ͑solid curve͔͒ is applied. ͑d͒ Ropelike bonds. Applied forces start at negative values and increase linearly but the force experienced by the bonds remains zero until the applied force becomes positive. ͑e͒ Nonlinear monotonic loading profile, based on the unraveling of a wormlike polymer chain by AFM. When a constant pulling velocity is applied to a series of folded globular domains ͑Ref. 11͒, the force depends nonlinearly on end-to-end chain extension and hence the force ramp will be nonlinear. ͑f͒ Cyclic nonlinear loading profile on a doublet of rigidly bound rigid spheres in hydrodynamic shear ͑Ref. 19͒.
sity of component and system failure as a function of time. For single bonds, the parallel to failure of an electrical component ͑e.g., a light bulb͒ is very clear. For multiple bonds, the requirement that all bonds must be broken for cells to disaggregate is analogous to having multiple parallel redundant systems in a network, ready to bear the load should one system fail; all of the components must fail before the whole system fails. This paper systematically applies this theory to the problem of receptor-ligand bond dissociation and cell adhesion. Closed form expressions for the probability density of dissociation of up to four bonds are given ͑together with the average and variance of the break-up time͒ for unstressed bonds, bonds instantaneously exposed to a given force, and bonds exposed to a ramp of force. The theoretical calculations are compared with the results of Monte Carlo simulations of multiple bond dissociation for cases that cannot be calculated.
II. MONTE CARLO SIMULATION
Simple Monte Carlo computer simulations were used to check the results of the closed form computations described below and to derive results for distributions and statistics when the closed form calculations cannot be easily solved. Examples of such simulations have been described previously. 9, 23, 24 Briefly, the simulation parameters were those for the Bell model, namely k r 0 , r 0 , and the number of bonds, n, that participate in the event. The initial value of n for each of the 10 000 tests used to produce statistics, was always set to a fixed value ͑although it could have been chosen from a Poisson distribution͒. For each simulation time step, ⌬t, the instantaneous break-up probability, P b , was computed from P b ϭ1Ϫexp͓Ϫk r (f )⌬t͔ where f is the instantaneous applied force divided by the current number of bonds ͑that were assumed to split the force equally 4 ͒. The ⌬t values were chosen such that k r ( f )⌬t was always small and hence, P b ϳk r ( f )⌬t. A random number between 0 and 1 was chosen for each bond remaining. If the number drawn was less than P b ,n was reduced by one and the force per bond acting on the remaining bonds was recalculated. The cycle of f /n computation, probability calculation, and break-up testing was repeated until n reached zero, or a final cutoff time was reached. Statistics for average break-up time ͗t͘ or average force at break-up ͗ f ͘ could then be computed using different parameter sets.
As will be shown below, the distributions and statistics obtained using the simulations agree extremely well with the closed form expressions from the reliability theory derived below. This agreement inspires confidence that the simulations will correctly predict results that are difficult to calculate in closed form using reliability theory.
III. THEORY
A. Dissociation of multiple independent bonds in the absence of force
Distribution
It can be shown from reliability theory ͑see the Appendix͒, that the probability distribution p(t) for a single bond dissociating in the interval (t,tϩdt) is given by
͑2͒
The first term on the right-hand side of this equation represents the probability of dissociation in the next short interval of time dt while the exponential of the integral over time represents the probability of the bond breaking up at some time after t ͑or, equivalently, the probability of the bond having survived up to time t͒. If the bond dissociation rate k r (t) is a constant, independent of time ͑as is expected to be the case for receptor-ligand bonds in the absence of an externally applied load͒, one obtains the simple expression p͑t ͒dtϭk r exp͑Ϫk r t ͒dt. ͑3͒
Suppose now that there are n independent parallel bonds with no reformation allowed after dissociation. As described in the Appendix, the probability density for dissociation becomes
.
͑4͒
This expression will only be useful for bonds that are not exposed to force, i.e., for k r (t)ϭk r 0 , since, as described below, multiple bonds will divide a force in a manner that depends on both the instantaneous force and the instantaneous bond number. Evaluating the integral for when k r is independent of time, one obtains p͑t ͒ϭnk r 0 exp͑Ϫk r 0 t ͓͒1Ϫexp͑ Ϫk r 0 t ͔͒ nϪ1 .
͑5͒
Clearly this reduces to Eq. ͑3͒ when nϭ1.
Moments for multiple bonds with fÄ0
Once the probability density has been derived, one can calculate the average and variance of the time for break-up:
The term raised to the (nϪ1)th power can be expanded as a sum of binomial coefficients
After combining exponentials and interchanging the sum and integral one obtains
͑8͒
Evaluating the integral, combining terms, and shifting indices so that iϭ jϩ1 one can write
It can be shown 25 that the sum in Eq. ͑9͒ is equivalent to the nth harmonic number, H n ͑as may be readily verified by evaluating the sums͒,
The first few terms of this series are given in Table I . The expression shows that two bonds last only (1ϩ 1 2 ) times longer than a single bond, not twice as long as might naively be expected. Similarly, three bonds last only (1ϩ1/2ϩ1/3 ϭ1.833...) times longer than a single bond.
In a similar manner, the variance is given by
The sum in this equation can be shown to be equivalent to the ''two index harmonic number,'' C n (2) : 26 Var͑t ͒ϭ 1
͑12͒
The first few terms of C n (2) are given in Table I . The Monte Carlo simulation was also used to calculate the distribution and moments for nϭ1 to 6 when f ϭ0. The averages ͑scaled to k r 0 ) and variances ͑scaled to k r
) from the simulation are given in Table I , and agree very well with the results from reliability theory.
B. Single and multiple bonds with instantaneously applied force

Distribution
The analysis described above for f ϭ0 also applies to probability distribution of break-up of a single bond exposed to an instantaneously applied force. One simply substitutes k r ( f ) for k r and obtains
The case of nϾ1 is complicated by the subtlety that once any one of the bonds breaks, the same applied force is split among the remaining ͑smaller͒ number of bonds, and thus
One thus expects that for two bonds the probability density of the first bond breaking at time tЈ is p 1 (tЈ)ϭ2k r ( f /2)exp͓Ϫ2k r (f/2)tЈ͔ ͑since there are two candidates for the first bond to break͒. The probability density of the second bond breaking at t, given that the first bond broke at tЈ ͑where tϾtЈ), is p 2 (t,tЈ)ϭk r ( f /1)exp͓Ϫk r (f/1)(t ϪtЈ)͔. The probability distribution of break-up is then given by
Grouping terms and evaluating the integral, we obtain
This may be rearranged to give
͑16͒
In a similar manner for nϭ3 bonds the probabilities of individual first, second, and third bond break-up at times tЉ, tЈ, and t may be written out as p 1 (tЉ)ϭ3k r ( f /3) ϫexp͓Ϫ3k r (f/3)tЉ͔, p 2 (tЈ,tЉ)ϭ2k r ( f /2)exp͓Ϫ2k r (f/2)(tЈ ϪtЉ)͔, and p 3 (t,tЈ)ϭk r ( f /1)exp͓Ϫk r (f/1)(tϪtЈ)͔. As before,
Integrating over the tЉ and tЈ, one obtains, after considerable algebra, that 
͑18͒
A similar procedure may be used for nϭ4. One obtains
͑19͒
From these expression, it is clear that the p(t) expression for any nϾ4 can be written down:
͑20͒
The p(t) curves for nϭ1 -4 are shown in Fig. 2 for f ϭ0 and 100 pN ͓using the Bell model for k r ( f /n) for the latter͔. The curves agree very well with the Monte Carlo simulations of break-up. The curve for nϭ1 has a maximum probability density at k r 0 tϭ0. The curves for nϾ1, however, all have a peak in the probability density at nonzero values of k r 0 t that increase with increasing bond number.
Mean and variance
Some simple algebra will verify that the probability density for nϭ1, 2, 3, and 4 bonds in Eqs. ͑13͒, ͑16͒, ͑18͒, and ͑19͒ are normalized so that
Since the p(t) are written out as a sum of individual terms and since we are assuming that force application is instantaneous so that the k r ( f /n) are constants, the average and variances may be written, after noting that
It immediately follows from Eq. ͑20͒ that
͑25͒
As was the case for f ϭ0, Monte Carlo simulation can be used to predict the distribution and moments for any f Ͼ0 and any value of n. For all the simulations that involve force, the Bell model ͓Eq. ͑1͔͒ is used. The curves comparing the simulation and the closed form solutions for ͗t͘ and the variance of t vs r 0 f /k B T are shown in Figs. 3͑a͒ and 3͑b͒, respectively. Clearly, agreement between theory and simulation is excellent. As r 0 f /k B T→0, the values of ͗t͘ for nϭ1 to 4 approach H n and the values of variance approach 2C n (2) ϪH n 2 , the appropriate solutions for f ϭ0.
increases, however, ͗t͘ n bond diverges from H n ͗t͘ 1 bond . For r 0 f /k B TϽ0.5, the error is under 5%, but by r 0 f /k B Tϭ1.0, ͗t͘ n bond is 9-18 % greater than H n ͗t͘ 1 bond and for r 0 f /k B T Ͼ10, the values for larger n are many times greater than H n ͗t͘ 1 bond . This finding indicates that the power of the bonds to divide the force becomes very important for large forces.
C. Single bond with force ramp
Distribution
As discussed in the Introduction, force application will not be instantaneous in any real experiment. In a force application experiment, the force will start out at an initial level f 0 ͑possibly with f 0 ϭ0, but more likely with f 0 Ͻ0, since a compressive negative force is used to ensure that good contact has been made between the adhesive surfaces͒. There will then be a period during which the force is increased to a final value f f , following some loading protocol ͓see Figs. 1͑c͒-1͑f͔͒. The force may change linearly with time ͓Figs. 1͑c͒ and 1͑d͔͒, leading to a constant force loading rate r f or it may increase nonlinearly ͓Fig. 1͑e͔͒ or perhaps even be cyclical ͓Fig. 1͑f͔͒. The remainder of this paper will deal with the case of a constant linear loading rate.
One fairly general form for a linear loading protocol ͓Fig. 1͑a͔͒, f (t), is thus
͑26͒
Substituting this form for f (t) into Eq. ͑2͒, one obtains . The points were calculated using Eqs. ͑24͒ and ͑25͒ for nϭ1 ͑squares͒, 2 ͑circles͒, 3 ͑triangles͒, and 4 ͑diamonds͒ bonds, respectively. The values on the y axes represent the limiting values for r 0 f /k B T ϭ0 ͑also given in Table I͒ .
͑28͒
Some special cases of this general expression are of interest. ͑1͒ Force is applied instantaneously ͓which means functionally that r f t f Ӷ1/k r ( f f )]. One obtains for t 0 ϭ0, f 0 ϭ0, and t f ϭ0 the expression:
͑29͒
as found above for nϭ1 with instantaneous force application. ͑2͒ Force is linearly increased from zero for a set period of time and then held constant: t 0 ϭ0 and f 0 ϭ0:
͑30͒
͑3͒ Constant monotonic linear force ramp from an initial value, f 0 , t 0 ϭ0, and t f ϭϱ:
͑31͒ ͑4͒
The ramp phase continues until all the bonds have broken: t 0 ϭ0, f 0 ϭ0, and t f ϭϱ:
The expression from Eq. ͑32͒ for nϭ1 is plotted vs k r 0 t in Fig. 4͑a͒ for k r 0 k B T/r 0 r f ϭ1.367 ͑representing a bond with k r 0 ϭ1 s Ϫ1 and r 0 ϭ0.03 nm exposed to a loading rate of 100 pN s Ϫ1 ͒ along with the distributions from Monte Carlo simulations for nϭ1 to 3. The theory matches the distribution for nϭ1 from Monte Carlo simulation extremely well. The distributions for nϾ1 have peaks at progressively higher values of k r 0 t for increasing n, as was observed for instantaneous force application, but in this case the curves are shifted right leading to very similar widths for the distributions. When the times are scaled to H n for the same value of k r 0 k B T/r 0 r f ϭ1.367 ͓Fig. 4͑b͔͒, however, the peaks fall on top of one another. This suggests ͑as will be seen below͒ that when the probability distributions for multiple bonds are scaled using H n , the moments of the scaled distributions for the different values of n will be very similar. This is true for both larger k r 0 k B T/r 0 r f ͓ϭ136.7; Fig. 5͑a͔͒ and smaller k r 0 k B T/r 0 r f ͓0.01367; Fig. 5͑b͔͒ values, a range of four orders of magnitude in a parameter that will be seen to be the relevant dimensionless group for describing forced unbinding. For large values of k r 0 k B T/r 0 r f ͑small loading rates͒, the maximum in the time distributions occurs at k r 0 tϭ0 ͓Fig. 5͑a͔͒. For small values of k r 0 t ͑large loading rates͒, however, there is a peak in the distribution at nonzero values of k r 0 t that increase with decreasing k r 0 k B T/r 0 r f .
Mode of force distribution for constant ramp
Evans and Ritchie ͑1997͒ described a method that used the peak force at break-up obtained from experiments with a constant force loading rate to calculate parameters in the Bell model. From Eq. ͑2͒, the probability p(t, f ), of a single bond dissociating in the interval (t,tϩdt) as a function of force is
For a constant linear ramp of force, f (t)ϭr f t ͑and hence d f ϭr f dt), and one may write Eq. ͑33͒ in terms of force. The most probable time ͑and hence the most probable force, f peak ) that corresponds to the mode, or peak value in this probability distribution can be found by setting ‫ץ/‪p‬ץ‬ f ϭ0. One then obtains
͑34͒
If the Bell model ͓Eq. ͑1͔͒ is substituted into Eq. ͑34͒, then after some rearrangement one may write
Since this is the equation for a straight line, the Bell model parameters r 0 and k r 0 can be calculated from the slope and intercept of f peak vs ln r f as follows: 14, 27 slopeϭ kT r 0 , interceptϭ
͑36͒
Moments for ramp of force
While the derivation from Evans and Ritchie 14 given above applies to the mode or most probable force at breakup, it is much more expedient experimentally to measure the mean of the force distribution. The mean of a distribution can be determined much more precisely from a relatively small number of adhesive events (N event Ͻ200, say͒ than the mode. Accordingly, one would like to compute the mean and variance of the time distribution for a constant ramp of force as a function of the force loading rate. This is easily accomplished by integrating the special case of the distribution for a constant force ramp ͓Eq. ͑32͔͒:
͑37͒
Using the substitution xϭexp(r f t/␤) and hence tϭ␤/r f ln x and dtϭ(␤/r f )dx/x, one obtains
One round of integration by parts gives
The integral in Eq. ͑39͒ is the exponential integral, E 1 (a) ͑Ref. . ͑a͒ Probability density vs time ͑scaled to k r 0 ) for nϭ1 -3 bonds; ͑b͒ the same probability densities but scaled to k r 0 H n vs time ͑scaled to H n ). The solid, dotted, and dashed lines are Monte Carlo simulation results for nϭ1 -3 bonds, respectively. The points represent computations from Eq. ͑32͒.
FIG. 5. Probability density of dissociation vs time ͑scaled to k r
0 H n ) for a linear ramp of force. ͑a͒ Probability density for aϭk r 0 k B T/r 0 r f ϭ136.7; ͑b͒ probability density for aϭk r 0 k B T/r 0 r f ϭ0.013 67. The solid, dotted, and dashed lines are Monte Carlo simulation results for nϭ1 -3 bonds, respectively. The points represent computations from Eq. ͑32͒.
͑41͒
Differentiation under the integral sign allows the integral to be simplified using the function
where E 1 (2) can be written as the series:
Here, ␥ is the Euler-Mascheroni constant ͑ϭ0.577 215 6649...͒. This expression converges rapidly for aϽ2. For larger values of a, convergence is very slow, and it is easier to simply evaluate the integral in Eq. ͑41͒ numerically. One finally obtains the variance in terms of the parameter a:
͑44͒
This expression is shown matched to values from the Monte Carlo simulation in Fig. 6͑b͒ . The theory values match extremely well with the simulation results for nϭ1. For a Ͼ100, the variance values for nϭ1 to 3 approach those for f ϭ0 in Table I . For aϽ1, however, the variance for nϭ1 to 3 goes to the same value. As we saw from the distributions in Figs. 4 and 5, above, the width of the peak is, therefore, almost completely unaffected by the number of bonds when loading rates are large. The variance also decreases to almost zero for large a. This implies that the peak in the force distribution at break-up becomes very narrow around ͗t͘.
D. Average force vs loading rate
From the theory described above, it is straightforward to determine closed form expressions for the dependence of the average force at break-up as a function of the loading rate. As described above, Evans and Ritchie 14 showed that the slope of a plot of the mode of f peak vs ln r f yields a . The solid, dotted, and dashed lines are simulation results for n ϭ1 -3 bonds, respectively. The points represent computations for nϭ1 from Eqs. ͑40͒ ͑mean͒ and ͑44͒ ͑variance͒.
straight line with slopeϭk B T/r 0 . To determine the actual slope of the curve for the average force at break up, we note that ͗ f ͘ϭr f ͗t͘. This leads to
One would like to write this expression in terms of r f , since this is the only part of the a parameter that can be controlled in an experiment ͑at a given temperature͒. If we write a ϭb/r f where bϭk r 0 k B T/r 0 , then we can write
͑46͒
This equation is graphed in Fig. 7͑a͒ . 31 The plot of ͗ f ͘ scaled to k B T/r 0 vs ln r f shows that for the smaller streptavidin-like and antibody-like b values, ͗ f ͘ scales linearly vs ln r f with slope k B T/r 0 ͑as was found for the mode of force vs ln r f ) over the range of loading rate shown in Fig. 7͑a͒ . For larger values of b, the ͗ f ͘ scales nonlinearly at small r f , but then approaches a straight line with slope k B T/r 0 . The reason for this is apparent when we note that for b/r f Ͻ1, one may expand E 1 (b/r f ) to obtain for Eq. ͑46͒:
͑47͒
For b/r f Ӷ1, the exponential may be expanded in a power series. All terms involving b/r f will then vanish in comparison to the ln b/r f term and we obtain in the limit b/r f Ӷ1:
Thus if ͗ f ͘ is plotted against ln r f , the curve will approach a straight line at large r f with slopeϭk B T/r 0 ͑as expected͒ and
To examine how the slope approaches k B T/r 0 , the derivative of ͗ f ͘ with respect to ln r f can be determined. Making the substitution xϭln r f and hence r f ϭe x , one may write
This equation is plotted in Fig. 7͑b͒ for the same three values of b as in Fig. 7͑a͒ . As noted above, the scaled derivative goes to 1 ͑i.e., k B T/r 0 ) as r f →ϱ. For streptavidin-like small b, the slope is already k B T/r 0 by r f ϭ10 pN s Ϫ1 . For moderate b, loading rates must be larger ͑ϳ100 pN s
Ϫ1
͒ before the slope may be used to compute k B T/r 0 reliably. For the selectin-like large b value, the slope is only 80% of k B T/r 0 at r f ϭ1000 pN s Ϫ1 and it is not greater than 99% k B T/r 0 even at 100 000 pN s Ϫ1 ͑a loading rate that is at the high end of those achievable by AFM͒.
Evans 17 predicted from the curvature of the peak in the force distribution that the width of the peak should be ϳk B T/r 0 . The exact standard deviation of the force distribution can, however, be computed from Eq. ͑44͒ using f ϭr f (Var(t))
͑51͒
One may use the series in Eqs. ͑43͒ and ͑47͒ to expand this expression for aϭb/r f Ӷ1.
Ϸ1.28 k B T/r 0 . Figure 8 shows plots from Eq. ͑51͒ of the full dependence of f on r f for streptavidin-like, antibody-like, and selectin-like values of b. The asymptotic formula obtained here for f matches well with the order of magnitude estimate of k B T/r 0 predicted from the curvature of the force distribution.
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E. Force ramp with f 0 Ë0
An important special case of the force ramp is that for which the force loading profile begins with a compressive initial value. In this case, it is likely that the effective force on the bonds is zero until the force becomes positive ͑when tϾ f 0 /r f ). This will result in a force loading that has an initial latent time that depends on the value of f 0 and r f (t 0 ϭ f 0 /r f ). For this case, we can write down the probability density as a special case of Eq. ͑28͒ with f f ϭϱ: 
͑52͒
where we have used that the effective force f eff ϭ0 for tϽt 0 , but t 0 ϭ f 0 /r f ͑with f 0 ϭ͉ f 0 ͉ and hence the f 0 value used will be positive͒. This two part expression can be integrated to verify that p(t) is properly normalized. One may also compute the average time
The first integral can be trivially evaluated. The second integral may be evaluated with the substitution
tϭ␤/r f ͕ln xϪln͓(k r 0 ␤/r f ) ϫexp(Ϫf 0 /␤)͔͖, and dtϭ␤/r f (dx/x). With this substitution, the second integral can be split into two parts:
The second of these integrals can be easily evaluated. The first integral leads to the exponential integral following the substitution xϭ(k r 0 ␤/r f )y. There is some cancellation of terms, and we finally obtain
where aϭk r 0 ␤/r f ϭk r 0 k B T/r 0 r f as before. Clearly, when f 0 ϭ0 this expression reduces to that for a constant force ramp ͓Eq. ͑40͔͒. The average break-up time from Eq. ͑55͒ is plotted vs a in Fig. 9͑a͒ for three different values of f 0 /␤ as well as the undeflected value where f 0 ϭ0 ͑heavy line͒. The latent period before the delayed ramp extends the range of a for which ͗t͘ is Ϸ1 by a factor of 10 for every factor of 10 reduction in the value of f 0 /␤. Thus, for f 0 /␤ϭ0.1, the decrease in lifetime from ͗t͘ϭ1 begins to be appreciable for aϽϳ10. For f 0 /␤ϭ1, the decline begins at aϽϳ1.
Using Eq. ͑55͒, we may write the expression for the average force (ϭr f ͗t͘) in terms of bϭk r 0 k B T/r 0 :
͑56͒
This expression is somewhat more complex than Eq. ͑46͒, but it does reduce to that expression when f 0 ϭ0. This relation is plotted ͑scaled to r 0 /k B T) in Fig. 9͑b͒ for the selectinlike bϭ136.7 and f 0 /␤ϭ0.1, 1, and 10. The curves approach straight lines with slope k B T/r 0 , but with vertical offsets that are related to f 0 /␤. For f 0 /␤ϭ0.1, the force curves are barely affected ͑the line lies underneath the thick line that represents f 0 /␤ϭ0). For f 0 Ϸ␤, there is a small, gradual vertical offset to the curve but no noticeably different slope. For f 0 /␤ϭ10, the curve is not only significantly offset, but the section that is proportional to k B T/r 0 is pre- ceded by a section with a significantly steeper slope that covers a large range of loading rate ͑from ϳ200 pN s Ϫ1 -10 000 pN s Ϫ1 ͒. The b value determines the loading rate range over which the offset occurs. For streptavidin-like b values, the f 0 /␤ϭ10 curves are still offset, but the section over which the offset occurs is at an r f Ӷ1 pN s
Ϫ1
. The size of the offset can be determined by finding the asymptotic limit of Eq. ͑56͒. For b/r f Ӷ1, we obtain, using the expansions in Eq. ͑47͒, that
͑57͒
Clearly, in the limit of large r f , the curves of ͗ f ͘ vs ln r f approach a straight line with the intercept offset vertically by f 0 /␤ from the intercept for f 0 /␤ϭ0.
IV. DISCUSSION
The results derived above using the framework of reliability theory describe the distributions, averages, and variances of the time to break-up for small numbers of receptorligand bonds under a variety of experimental conditions. The results derived here should be helpful in interpreting the distributions and statistical moments that are obtained using the recently developed experimental techniques that allow picoNewton level forces to be applied to small numbers of receptor-ligand bonds.
As shown in Fig. 6 , the expressions derived above for break-up in the presence of a ramp of force show that the averages and variances ͑when scaled to the zero force reverse reaction rate͒, depend only on the parameters a ϭk r 0 k B T/r 0 r f and ͑in the case of a negative initial applied force͒ on r 0 f 0 /k B T. Consequently, when aϾ100 ͑i.e., when r f or r 0 is very small, or k r 0 is very large͒, force application is effectively instantaneous, and the expressions for the ''instantaneous force application'' case are recovered. When a is very small ͑i.e., when r f or r 0 is large, or if k r 0 is small͒, the average time goes to zero in such a way that ͗ f ͘
→(k B T/r 0 )(ln r f Ϫ␥Ϫln b).
An interesting result of the derivations ͑and simulations͒ is that the average break-up time for multiple bonds is not a linear function of the number of bonds. Until recently, the goal of biophysical work on receptor-ligand bonding was to find the ''force required to break a single bond.'' The work of Evans et al. 20 pointed out that it was not possible to identify a unique ''force to break a bond,'' but that a given experiment will find an ͗ f break ͘, or most frequent f break value that depends on the way that the experiment is done. The question remains, however, of what behavior to expect at a given force loading rate when multiple bonds link the surfaces in question. It is clear from Eq. ͑10͒ that for f ϭ0, ͗t͘ n bonds ϭH n ͗t͘ 1 bond ͑where H n is the nth harmonic numberϭ ͚ iϭ1 n 1/i). Furthermore, the simulation results from Fig. 6͑a͒ show that the same expression holds for a constant ramp of force, and thus ͗ f ͘ n bonds ϭH n ͗ f ͘ 1 bond ͑since ͗ f ͘ ϭr f ͗ f ͘). Figure 3͑a͒ shows that even for instantaneous force application simulations, the dependence of ͗t͘ on H n hold for r 0 f /k B T up to ϳ0.5. Clearly this expression is of very general utility.
The nonlinear relation between ͗t͘ and n means that since two bonds will last 1.5 times longer than 1 bond, the average force will be 1.5 times larger than the average force for a single bond, not twice as large as is implied in the ''force to break a bond model'' ͑where it is often assumed that f total ϭn͗ f break ͘). 32, 33 It should be noted that this effect stems simply from the fact that a system with two redundant bonds is more reliable than one that consists of only a single bond. The harmonic numbers are monotonically increasing so there is no limit to the effect of the number of bonds on ͗t͘, but beyond nϭ5 or so the increase in ͗t͘ is very slow and the extra lifetime that can be gained from adding more bonds diminishes rapidly. The only way that the contact lifetime can be extended significantly is if bonds are reformed through continual ''maintenance. '' In experimental terms, if as many as 10 bonds can form within the time allowed for bond formation, one would expect that it would be impossible to ignore bond reformation during the dissociation phase. In addition, the assumption that the bonds distribute the force equally almost certainly does not apply. Both of these situations can be treated within the framework of reliability theory. Bond reformation can be treated using an analogy with a ''maintained system.'' If the system of bonds can be ''repaired'' by re-establishment of broken bonds before complete system failure, then the lifetime may be greatly extended ͑perhaps indefinitely͒. Theoretical treatments of this case exist. 21 The case of unequal distribution may be treated with the formalism from the section on multiple bonding but with an effective k r that is the sum of the individual ͑unequally force dependent͒ k r ( f i /n) ͑where iϭ1 to n͒ values.
Finally, several cases of experimental interest have been treated. The full dependence of the average and variance of the force at break-up vs force loading rate has been derived for a single bond. The distributions and moments for nϾ1 are very difficult to derive since the integrals obtained using a formalism similar to that in the section on multiple bonds with instantaneous force are not easily solved in closed form. As observed above, however, the Monte Carlo simulations demonstrate that, as was the case for f ϭ0, the average break-up times for a ramp of force scale very closely with the harmonic number H n for the initial number of bonds. This implies that, as for f ϭ0, ͗t͘ n bonds ϭH n ͗t͘ 1 bond , and hence that ͗ f ͘ n bonds ϭH n ͗ f ͘ 1 bond →(H n k B T/r 0 )(ln r f Ϫ␥ Ϫln b). In other words, when more than one bond is present, the limiting slope of an ͗ f ͘ vs ln r f curve will be H n k B T/r 0 if all the tests consist of n bonds and some weighted average if the bonds are drawn from, say, a Poisson distribution.
The reason for why ͗ f ͘ scales with H n as the bond number increases is not obvious. The relationship between ͗t͘ and H n was derived for f ϭ0, and as was seen above, it only holds for an instantaneously applied force for r 0 f /k B T Ͻ0.5. For the constant force ramp, however, Fig. 6͑a͒ confirms that the expression holds for all values of a. For the instantaneous force ramp, the discrepancy likely arises from the great force reduction caused by the bonds dividing the force equally. Once one of the bonds breaks, however, the break-up of the others will follow very quickly. It is possible that the slowness of force application with the ramp reduces the effect of this prolongation by exposing the bonds to lower forces for much of the time during the ramp, and in this way the potency of the sudden loading of the remaining bonds after breakage of the first bond is reduced. This may allow the ideal independent bond breakage case to be more effectively approximated, leading to the reappearance of the scaling of ͗t͘ with H n .
For a linear ramp of force, the slope of ͗ f ͘ vs ln r f approaches a straight line with slope k B T/r 0 , as demonstrated in force spectroscopy experiments. 27 The loading rate that must be reached before the slope is an accurate predictor of r 0 , however, varies depending on the parameter b ϭk r 0 k B T/r 0 ͑for f 0 ϭ0). Figure 7͑b͒ shows that for streptavidin-biotin, for which b is expected to be ϳ10 Ϫ3 , the slope already is a good predictor at r f ϳ1 pN s Ϫ1 . For selectin bonds, however, where b is expected to be ϳ100, the slope will be low by as much as 10% even when r f ϳ10 4 pN s
Ϫ1
. These results, thus, have implications for the range of force application rates that will be required to obtain accurate estimates of the Bell model parameters for different receptor-ligand bond types.
The reliability results also have implications for the interpretation of existing force spectroscopy curves. Merkel et al. 27 found that the curves of ͗ f ͘ vs ln r f for streptavidinbiotin consisted of several straight line segments with different slopes ͑and hence different Bell model parameters͒ for different ranges of loading rate. These were posited to represent multiple transition states in the potential of mean force. We know, however, that for selectin-like Bell model parameters, the ͗ f ͘ vs ln r f curves are expected to be nonlinear and to exhibit a decreased slope at low loading rates ͓see Fig. 7͑a͒ , solid curve͔. How can we be sure that the ''straight-line segments'' are not just misinterpretations of these nonlinearities? The results obtained here show that using the Bell model parameters determined from any one of the segments in Ref. 27 , we would have expected a straight line over the full range of loading rate used in the experiments and there should thus have been no nonlinearities to confuse us. This observation thus supports the interpretation that the multiple slopes that are observed represent multiple transition states. A force spectroscopic analysis of streptavidin-biotin from another laboratory, 34 however, found that the slope of ͗ f ͘ vs ln r f for 1000Ͻr f Ͻ5000 pN s Ϫ1 led to r 0 ϭ0.05 nm and k r 0 ϭ2.1 s Ϫ1 . For these Bell model parameters, which closely resemble those found for selectins, the ͗ f ͘ vs ln r f curves should be nonlinear for r f Ͻ10 4 pN s Ϫ1 . The 100Ͻr f Ͻ1000 pN s Ϫ1 loading rate branch from this data set is thus potentially an artifact of the analysis method.
Some force spectroscopy experiments 13, 34 have attempted to measure the peak force so that the analysis of Evans and Ritchie in Eq. ͑36͒ should apply exactly. This has generally been done by fitting Gaussian distributions to the binned force data. This procedure is subject to error since the actual distributions for a ramp of force should be given by Eq. ͑32͒, and the distributions shown in the literature are noticeably skewed. It would thus be preferable to fit Eq. ͑32͒ to the force distributions, rather than a Gaussian. It is also possible to compute the average ͑a more robust indicator of central tendency͒ and use the treatment described here to fit the curves of ͗ f ͘ vs ln r f .
Many other cases can be investigated using this theoretical framework. Force loading protocols more complex than the simple linear ramp are an obvious target for treatment. The work presented here used the Bell model for the force dependence of rates. While this model holds for a ''sharp'' transition state over a range of applied forces, for a more general potential of mean force for dissociation, the more general relationship k r ( f )ϭ 0 ( f )exp͕͓ϪU 0 ϩ⌬U(f )͔/k B T͖ that was described in the Introduction holds. The reliability theory framework can be used to develop methods for estimating parameters from experiments for this more realistic relationship for the force dependence of reaction rates. Other assumptions made here, namely that there is no bond ''repair'' and that force is distributed equally among the bonds can all be relaxed and the expected behaviors that would be observed in force application experiments predicted. It is hoped that the results presented here will be useful as a guide for further exploration of the results of forced unbinding experiments. 
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APPENDIX: RELIABILITY THEORY
There is a substantial literature from reliability engineering that has been used to derive the probability density of component failure for electronic components and communications networks. 21, 22 This Appendix recapitulates some of the basic derivations that are needed for understanding the results in the paper. This Appendix is heavily indebted to the derivations of Beckmann ͑Ref. 21; particularly Chap. 10͒.
Suppose that a bond fails at time T, and that the conditional failure probability for a bond P ͑failure in interval t,tϩdt͉ given that bond survives to age t)ϭ P(tϽT Ͻtϩdt͉TϾt)ϭk r (t)⌬t, where k r (t) is the time dependent failure rate ͑equivalent to the bond reverse reaction rate͒. The reliability, r(t) is defined as the unrestricted probability of break-up at a time greater than the current time t, i.e., P(T Ͼt). This can be found from r͑tϩ⌬t ͒ϭ͓1Ϫk r ͑ t ͒⌬t͔r͑ t ͒. ͑A1͒
Rearranging and taking the limit as ⌬t→0, we can write
Integrating we obtain ln r͑t ͒ϭϪ ͵ 0 t k r ͑ t ͒dtϩC⇒r͑ t ͒ϭC exp ͭ Ϫ ͵ 0 t k r ͑ t ͒dt ͮ .
͑A3͒
